This work addresses two main contributions for shape measurement: First, a new circularity measure for planar shapes is introduced based on their geometrical properties in the projection space of Radon transform. Second, a general-purpose evaluation criterion, power of discrimination, for assessing the efficiency of a shape measure is proposed. The new measure ranges over the interval [0, 1] and produces the value 1 if and only if the measured shape is a perfect circle. The proposed measure is invariant with respect to translation, rotation and scaling transformations. Moreover, it is also robust against border distortion of shapes. It is theoretically well founded and can be extended to other problems of shape measurement. Our approach can deal with complex shapes composed of connected components that cannot be handled by classical contourbased methods. Several experiments show its good behavior and demonstrate the efficiency and applicability of our proposed measure. Finally, we also consider our proposed evaluation criterion for assessing different circularity measures.
tor against variations among shapes of the same class; (2) the insensitivity of the descriptor to similarity transformations such as translation, rotation and scaling; and (3) the invariance of the descriptor to other transformations such as affine transformation on triangles or aspect ratio adjustment on rectangles.
Generally, there are two main approaches to design shape descriptors: general-purpose shape descriptors and specific shape estimators. The first one is based on different transforms such as Fourier transform [2] , Hough transform [3] , Radon transform [4] , dominant points [5] , similarity map [6] , graph-based representation [7] and image moments [8] to describe shapes. More different methods have been addressed in this survey [9] . This approach producing high-dimensional feature vectors is suitable for generic applications such as shape retrieval [10] [11] [12] , shape and curve matching [13] [14] [15] . The second one measures or estimates geometrical properties of shapes, and thus, the descriptors in this approach often have clear geometric interpretations such as measurements of ellipticity [1, 16, 17] , circularity [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] , polygonality [31] , triangularity [1] , rectangularity [1, 32] , linearity [32] , orientability [33, 34] .
We address in this paper two main following contributions: First, a novel approach for circularity measurement of a shape is introduced. Second, we propose a general-purpose evaluation criterion for assessing shape measures. Our approach exploits some beneficial geometric properties of circles in the projection space. In the literature, the projection-based approach has been used for different problems of shape measurement such as polygonality [31] , geometrical feature extraction [35] , extraction of geometrical properties and spatial relations [36] , triangularity measurement [1] , orientation [37] , convex-set perimeter estimation [38] and reflectional symmetry detection [39] . It should be remarked that we exploit the projection data in a totally different way compared to these works. The main idea is to introduce an invariant property of a perfect circle and then to estimate how far it is degraded for a given shape. The obtained measures take value in [0, 1] and are robust to additive noise, boundary distortion and similarity transformation. Using this projection-based approach, our method can deal with complex shapes composed of several closed contours or shapes having very noisy boundaries. Because the classical methods using contourbased approach consider a shape as a closed contour, they cannot be used for these cases.
The rest of this paper is organized as follows: Sect. 2 reviews some recent advances in shape measurement and also in evaluation of shape measures. Section 3 firstly recalls Radon transform, its properties and introduces several useful notations in Sects. 3.1, 3.1.2 and then develops a theoretical foundation for the proposed approach in Sect. 3.2 that is the base for our circularity measure presented in Sect. 4. Section 5 introduces a novel evaluation criterion for assessing shape measures. The next section shows experimental results of the proposed methods. Several conclusions are given in the last section.
Related Work

Shape Measures
The measurement approach, which often deals with a single characteristic of shapes, estimates geometrical properties of shapes. It can be classified in two main groups: The first one estimates the similarity between a shape and a geometrically pre-defined shape to obtain a similarity measure such as circularity, ellipticity, polygonality [31] , rectangularity or triangularity [1] . Ellipticity measurement has been considered in [1, 16, 17] using different methods such as Fourier transform [16] , elliptic variance [17] , moment invariants [1] . Rectangularity, which measures the similarity between a shape and a rectangle, has been studied using minimum-area encasing rectangle (MAER) of a shape [1] or rectangular templates [32] . The second one measures some geometrical properties of shape such as orientation, symmetry or linearity. Measuring shape's orientation has been considered in many works using curvature weighted gradient [33] , boundary information [34] or dominant orientation [40] . Symmetry detection that determines whether a shape possesses reflectional and rotational symmetries is also an important topic in shape analysis. Different methods have been introduced using Fourier transform [41] , phase congruency calculated from Gabor wavelets [42] or image moments [43] . Linearity, which measures the similarity between an open curve and a straight segment, has also been studied in different works [44, 45] .
Among different shape measurement methods, measuring circularity or compactness of a shape is a prominent approach because circle is a basic shape that appears in a vast range of image processing tasks. The methods in this research direction respond to the problem: How much a given shape differs from a perfect circle. Several methods [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] have been proposed in the literature to deal with this problem. The classic measure based on non-compactness measure [18] using perimeter and area of the shape (4π A/P 2 ) is not satisfactory in reality because it is not really scale invariant and it can reach the perfect value for non-circular shapes. Most of the works define circularity based on different geometric properties of circles. In general, there are two main following approaches for circularity measurement: contour-based and region-based approaches. The first direction contains the methods exploiting desirable properties of circular shapes [19, 22, [27] [28] [29] by taking into account their boundary properties: distances from centroid to boundary [19] , Fourier transform (DFT) on boundary contour [22] , separating circle problem [27, 28] , polygon similarity [29] , linearity of boundary points in polar coordinate system [25] , integer interval from boundary representation [46] , etc. These methods can only deal with simple shapes and are generally sensible against nonlinear deformations. The second one consists of methods [20, 21, 23, 24, 47] that define circularity measurement by studying the region of shape. Different geometric properties have been addressed to characterize the region of a disk such as distance map [20, 21] , moment [24, 47, 48] or area [49] . In this direction, moment is a popular feature to describe region of shape due to its robustness to noise and deformation. Different moments have been taken into account: affine moment invariance [23] , invariant Hu moment [24] , 3D polar-radius-moment invariance [47] or Kullback-Leibler divergence of uniform probability density on shape region [48] . The methods in the second direction have generally their performance superiority in the case of shape boundary defects compared to those of the first one.
Evaluation of Shape Measures
There are not many works related to this topic in the literature. For assessing rectangularity measures, Rosin [50] applied them to some parametrized synthetic shapes to track the rectangularity values when the shapes are continuously modified. A similar idea was used in [1] for evaluating tri- angularity and ellipticity. In [51] , the classification rate of the descriptor based on a shape measure on a dataset was used for assessing this measure. However, to the best of our knowledge, there is not an evaluation criterion for comparing different shape measures like assessing of polygonalization methods. Sarkar [52] introduced Figure of Merit (FOM) to balance between the error approximation and the compression ratio. Rosin [53] proposed Merit criterion by comparing with optimal results.
Projection-Based Circularity Measurement
Radon Transform for Shape Representation
We recall in this section the Radon transform and then present a common way to use this transform as an effective tool for shape representation which has been exploited in different works [4, 54] on shape analysis.
Radon Transform
Let f (x, y) ∈ R 2 be a 2D function and L(θ, ρ) be a straight line in R 2 represented by
where θ is the angle L makes with the y axis and ρ is the distance from the origin to L. The Radon transform [55] of f , denoted by R f , is a function defined on the space of lines L(θ, ρ) by the line integral along each line:
In the field of shape analysis and recognition, the function f (x, y) is constrained to the following particular definition:
where D is the domain of the binary shape represented by f (x, y). In the illustration of the Radon transform in Fig. 1a , the shaded region represents the region D. The value of the line integral in Eq. (2) is equal to the length of the intersection between the line L and the shaded region. Figure 1b shows also the Radon transform R f (θ, ρ) on a binary domain of a dog shape.
Notations and Significances
For each projection direction θ , the radial distances ρ θ 1 and ρ θ 2 are, respectively, defined as ρ θ Fig. 2 ). The "axis distance" of D in the direction θ , denoted as ρ θ 0 , is defined as ρ θ
The two extremities in the boundary of D corresponding to ρ θ 0 (D) are denoted as E θ 1 and E θ 2 , respectively. In addition, the "length" of D in the direction θ , denoted as Λ θ (D), is defined as Λ θ (D) = R D (θ, ρ θ 0 ). The left and right "projected bands" of D in the direction θ , denoted as Δ θ 1 (D) and Δ θ 2 (D), are then determined as Δ θ
For the simplicity of presentation, from now on, we denote R f (θ, ρ) by R D (θ, ρ), where function f is defined on domain D by Eq. (3). Figure 3 illustrates the above notations considering a dog shape in direction π .
These notations allow to deal with a column θ of D's Radon image. First, C θ D indicates the nonzero part of this column. Second, Λ θ (D) and ρ θ 0 indicate the maximal value 
and the integral line corresponding to Λ θ (D) are inred and its position while Δ θ 1 and Δ θ 2 determine the nonzero bands corresponding to a decomposition of C θ D at ρ θ 0 .
Representation of a Circle and its Invariant Properties in Radon Space
Using the notations and definitions in Sect. 3.1, this section presents some theoretical results on the appearance of circular shapes in Radon space. These results can be used to distinguish circles from non-circular shapes and are the basis for the proposal of circularity measure in Sect. 4. Let us consider the Radon transform R f (θ, ρ) = R ζ (θ, ρ), where ζ is a circle of radius r . Without loss of generality, we suppose that ζ is centered at the origin of coordinate system. We then introduce the following properties of ζ .
Proof The transform is given by the length of a chord at a distance ρ from the center, and it is independent of the angle θ . In addition, it is well known that the chord length of ζ at a distance ρ from the center is 2 r 2 − ρ 2 .
We have then the following invariant properties of ζ .
Property 2 Λ θ (ζ ) = 2r
Proof Because ζ is centered at the origin of coordinate system and ζ is symmetric for every direction θ , it is evident that ρ 0 = 0. Thanks to Property 1,
We remark that only the result of Property 2 is not sufficient by considering Remark 1.
Remark 1 An arbitrary shape D satisfying the following con-
Proof Let us consider a counterexample with a Reuleaux triangle, formed from the intersection of three circular disks of radius r , where each circle has its center on the boundary of the other two (see Fig. 4 ). It is evident that the separation of every two parallel supporting lines is r , independent of their orientation. Another counterexample is an annulus that also satisfies Property 2.
In order to address the necessary conditions for a shape to become a circle, we present hereafter following propositions defining geometric properties of circular shapes and also necessary conditions of an arbitrary shape in projection space to become a circular disk.
Proof It is evident that ρ θ 1 = −r and ρ θ 2 = r , ∀θ ∈ [0, 2π) because ζ is a centered circle at the origin of coordinate system. Therefore, Δ θ 1 = Δ θ 2 = r due to ρ θ 0 = 0.
So, Λ θ (ζ ), Δ θ 1 and Δ θ 2 are invariant with respect to θ . We consider now the necessary conditions for an arbitrary
There are two following possible cases: First, D is a convex shape. It could be deduced from Lemma 2 that O θ ≡ O θ+ π 2 , and moreover, due to the symmetry (the arguments applied for direction θ, θ < π 2 can be also used for direction π
. We consider now a sequence, defined as follows:
, k < n. Thanks to Lemma 3,
Because |O O θ | is independent of n, so we have the following conclusion |O O θ | = 0. This result means that D is a circle.
In the second case, D is not a convex shape. Therefore, this shape must contain some concave parts and/or it contains some holes. Figure 5 illustrates shape D consisting of a hole in its interior. Thanks to Lemma 1, its convex hull D 1 = C V (D) satisfies the same condition as D:
By applying the same argument as in the first case, we deduce that D 1 is a circle of radius r . Indeed, because the convex hull of D (i.e., D 1 ) is a circle, we can deduce that a possible concave part of D can be considered as a hole inside of D 1 that touches its border at only one point (if not, D 1 cannot be a circle). Now, consider the direction t passing a hole and the center of D 1 (see Fig. 5 ). Because D 1 is a circle, it is evident that in the direction t, all projected values are smaller than the diameter of this circle. It means that 1 2 Λ t (ζ ) < r . This contradiction implies that the second case is not possible, and therefore, the proposition is proved.
Circularity Measuring
The theoretical foundation, developed in Sect. 3, allows us to determine how a shape D is similar to a circle. Based on Propositions 1, 2, we will estimate the circularity measure for D by relying on the assumption that the more the D is similar to a circle, the more its profiles 1 2 
The circularity measure will be defined based on the deviation of these profiles. It should be noted that thanks to the first two properties of Radon transform (see Sect. 3.1), we only need to perform the projection at θ ∈ [0, π).
Circularity Measure
Let p be a profile, μ( p) and σ ( p) be, respectively, the mean value and standard deviation of p. Based on Propositions 1, 2, a new definition of circularity measure is introduced in Definition 1 by determining the deviation of the union of three profiles 1 2 
. The value r can be simply estimated as the mean value of this profile. By determining the deviation of the profile U θ (D), we can measure how far D is similar to a circle. Moreover, with a same deviation, the more the r is greater, the more the D is closer to a real circle. Our circularity measure is then proposed as follows.
where CM(D) measures how far D differs from a perfect circle. The greater the ratio σ μ is, the more the CM(D) reaches to 0 and the more the D is linear.
By definition of CM(D), it is evident that the proposed circularity measure ranges over the interval [0,1]. It takes 1 if D is a perfect circle; it takes 0 if D is empirically considered as a linear shape.
Algorithm 1 is then introduced to measure the circularity of a shape D using Definition 1.
Theoretically, Algorithm 1 works well and estimates the circularity of a shape. In practice, however, the calculation of Λ θ (D), Δ θ 1 (D), Δ θ 2 (D) by determining the maxima of C θ D profile can have several issues. First, the maxima may not be unique. Second, due to the boundary distortion of D, the maxima of C θ D may be obtained at a location that is far away the midpoint of C θ D , and then, it makes a considerable disparity between Δ θ 1 (D) and Δ θ 2 (D). We conduct the following simple idea to make the circularity measurement more robust against numerical issues, raised by Definition 1. Instead of estimating Δ θ 1 (D), Δ θ 2 (D) which are the origin of those issues, we detect the borders ρ θ 1 and ρ θ 2 of the "projected band" in direction θ . It should be noted that ρ θ
. Therefore, the problem is to verify the deviation of the profiles ρ θ
). It is theoretically verified by the following proposition.
Proposition 3 An arbitrary shape D satisfying the following 
Proposition 2, we deduce that D is a circular disk of radius r .
Accordingly, based on Proposition 3, an improved definition of circularity measure is addressed in Definition 2 as follows:
Algorithm 2 is then introduced to calculate circular measure by using Definition 2. It should be noted that a normalization step is addressed before the construction of profile U 2 Θ (D) by dividing all three above components by the last one (
) to make the measure more robust against change of scales. Although both these algorithms come theoretically from Definition 1 , the second one overcomes the numerical issues raised in Algorithm 1. In practice, we observe that the obtained measure is more stable than that produced by the first algorithm by avoiding the estimation of Δ θ 1 (D), Δ θ 2 (D) which are numerical issues. Those do not influence on the alternative measurements:
Complexity
Let us consider the input image of M = m × m pixels. The calculation of Algorithms 1, 2 could be separated into three Algorithm 2 Improved circularity measurement of a shape D.
Input: D -arbitrary shape, n -number of projection directions Output: iC M(D) -improved circularity measure 1: steps: Radon transform, the estimation of profile U 1 Θ (D) (resp. U 2 Θ (D)) and the calculation of circularity measure from profile U 1 Θ (D) (resp. U 2 Θ (D)). The Radon transform can be computed rapidly based on recursively defined digital straight lines [56] that requires only M × log(M) operations. Please refer to [56] for more implementation details of fast Radon transform. The second step requires O(nm) = O(n √ M) operations while the third step needs only O(n) operations. On the other hand, because n is the number of considered projections, it can be seen as a constant (in practice, n is set to 180). Therefore, our methods (Algorithms 1 and 2) have a same complexity of M × log(M).
Properties
Robustness to Additive Noise and Distorted Boundary
Based on the Radon transform, a degradation to shapes such as salt and pepper noise addition or boundary distortion only results in a small change in their C θ profiles, and therefore, it leads to a small change in our measure, defined in Algorithm 2. As a consequence, the proposed measure is robust against such degradation. Figure 6 shows that C π 2 only changes slightly when the circle boundary is distorted. Thus, the proposed circularity measure is robust against degradations of shape boundary.
Robustness to Similarity Transformation
From the last three properties of Radon transform in Sect. 3.1, the C θ of a function f can be shown to have the following properties. 
Our measure is introduced using extracted geometric features of C θ . In order to make the proposed measure invariant to rotation, we consider C θ at equidistant samples of θ ∈ [0, π).
Our measure ensures the scaling invariance thanks to a simple normalization of deviation by r that is estimated as mean value of this sequence {u i } 2n−1 i=0 . Thus, the proposed circularity measure is invariant to translation, rotation and scaling.
A Novel Evaluation Criterion for Assessing Shape Measures
To the best of our knowledge, although many circularity measures have been presented, there is not any evaluation criterion for comparing these measures like polygonalization [52, 53] . There are many desired properties such as robustness to distortion and invariant against similarity transforms [24] to take into account a measure. Consider separately each property does not allow to obtain a general evaluation of such a measure. We introduce then in this section such a criterion for this purpose by assessing the discriminant power of a shape measure. Our point of view is the following. The better a shape measure is, the greater its discrimination power is. It means that using a good shape measure as a distance for shape classification on a dataset, we could observe the two following properties: (i) the distances between inner classes must be small and (ii) the distances between outer classes must be large.
Let us consider now a dataset S containing p groups of different shapes and each group has q sampled shapes. Suppose that S i j (1 ≤ i ≤ p, 1 ≤ j ≤ q) is the jth sampled shape of the ith group. Consider now a measure m, the obtained value using measure m on the shape S i j is noted as C M m (S i j ). The distribution of measured shapes within the ith group is characterized by its mean and standard deviation values:
By their definitions, μ i m (S) and σ i m (S) can be seen, respectively, as the representative and dispersion values of the ith group using measure m. In the following, we define the inner distance as the mean of dispersion values and the outer distance as the standard deviation of representative values of all 
We then propose an evaluation criterion as POD m (S) to measure the Power Of Discrimination on dataset S using shape measure m as follows:
This proposed criterion simply comes from our starting point of view: the better a measure m is, the larger the outer distance Outer D m (S) is and the smaller inner distance Inner D m (S) is.
Experiments
Circularity Measurement on Synthetic Data
We have experimented our measure on synthetic data to consider its behavior in different conditions such as boundary distortion and noise. Thanks to the projection-based approach, our method can deal with complex shapes composed of several closed contours like moment-based methods [24] . This is an important advantage compared with contourbased methods [27] [28] [29] 57] requiring shapes represented by a Fig. 9 Experiments on non-circular shape under different levels of boundary distortion using our iC M measure. The shapes are taken from [24] (a) 0 unique closed contour that is not always satisfied in real conditions (see Fig. 7 ). Figure 8 presents the obtained results on compound shapes. It also shows that for compound shapes the circularity value depends clearly on the mutual positions of their components even if the components are the same. In Fig. 8 , each shape contains 3 disconnected components where each component is a circle. It could be seen from this figure that even each component is a circle in Fig. 8 , the measure is high when the components are concentrated on a center (Fig. 8a) while it is low when the components are on a line (Fig. 8b, c) , and in addition, the lowest value is obtained when the components are far away from each other (Fig. 8c ). It seems that this result corresponds well to the intuition of human visual perception. We also consider the proposed measure on the shapes suffering different levels of boundary distortion. Figures 9 and  10 present the experiments on both non-circular and circular shapes. It could be seen that the proposed measure is robust against various levels of boundary distortion.
From these experiments, we could make the following findings:
-The circularity measures of similar shapes come closer to a value. -Two shapes having a same circularity measure are not necessarily similar.
Circularity Measurement on Real Data
The proposed circularity measure has also been evaluated on the following different shape datasets which consist of object shapes segmented from real images.
-Kimia 99 dataset [58] : This consists of 99 shapes, decomposed into 9 classes, and each class contains 11 different shapes (see Fig. 11 ). -Sharvit dataset [59] : This contains 256 shapes, grouped in 18 categories, and each category consists of 12 shapes (see Fig. 14 for several shape examples) . -Floral dataset: We have also designed Floral dataset 1 in order to evaluate how the proposed method deal with compound shapes and how robust it is against noise influence. It consists of 20 basic floral shapes which are all compound shapes. Based on each basic shape, a series of 10 noise shapes is generated by addressing different levels of noise (i. e. SNR={1, 1.5, 2, 2.5, 3, 3.5, 4, 4.5, 5, 5.5}). Finally, the dataset contains 20 classes; each class is structured from a basic floral shape and its 10 corresponding noise versions. Figure 12 presents 20 basic floral shapes while Fig. 13 illustrates 20 derived shapes at noise level SNR=1. Figure 11 reports the results on Kimia dataset using our circularity measure (iCM) while Fig. 14 presents the our results on several shapes of Sharvit dataset. It could be seen from this experiment that the intra-distance between shapes of the same class is sufficiently smaller than the inter-distance between shapes from different classes. Thus, the proposed circularity measure can be used as features in shape recognition problems. On the other hand, Tables 4, 5 and 6 present the discriminant power of our proposed measures (CM and iCM) on datasets Sharvit, Kimia 99 and Floral, respectively. From these tables, it could be noted that although two measures are defined from equivalent definitions, the improved measure (iCM) is more robust against deformations because it has not numerical issues in calculation as the previous one (CM).
Influence of the Angular Sampling Step
We have investigated the influence of θ sampling step in Radon transform to the proposed measures. For this purpose, we calculated the circularity measure for different shapes in Figs. 8 and 9 at a number of sampling steps: θ = 1, 2, 4, 6, 8, 16, 32 (degree). Table 1 shows the obtained values. It could be seen from Table 1 
Comparison with Existing Measures
We compare our measure with other existing circularity measures : Rosenfeld [60] , Haralick [19] , Bribiesca [30] , Danielsson [20] , Ruberto and Dempster [21] , Zunic et al. [24] . We have evaluated our measure in comparison with those measures on the following different datasets: Kimia [58] , Sharvit [59] and our Floral ( Table 2 ). The two first datasets are well known considered for evaluation of shape descriptors. The last one is introduced to address compound shapes and noise conditions. Table 3 presents the distribution (mean Fig. 16 Profile of circularity measures obtained from a set of ellipses of which the major axis is set to 200 and the minor axis is varied from 1 to 200 and std) of different methods on each group of Kimia dataset. We can make several findings from this table. First, our measure can distinguish shapes from different groups since each group can be characterized by its mean value of circularity. Second, our measure tolerates well the shapes belonging to a same groups since the inner-class distances, defined by variance value of circularity, are relatively small. In addition, Tables 4, 5 and 6 show the POD criterion of each measure on three above datasets to address its discrimination power. It could be seen from them that our improved measure (iC M) together with Zunic et al.'s measure is more efficient than others. Moreover, thanks to a similar computational framework, we can easily integrate the proposed measure and our previous work on polygonality [31] for shape classification without increasing practically the computation cost.
Application to Linearity Measuring
Inspired from [24] , we also consider a direct application of circularity measurement in linearity measuring. A shape, measured with a very low circularity value, is intuitively expected to be more linear. Figure 15 presents several linear shapes together with their circularity measure. It could be seen that the more a shape is linear, the more its circularity measure is small. Therefore, 1 − CM(D) is a suggestion to measure the linearity of a shape. Figure 16 shows the profile of circularity measures obtained from a set of ellipses of which the minor axis is varied from 1 to 200 and the major axis is set to 200. We also consider the profile of circularity measures in Fig. 17 obtained from a set of rectangles of which the width is set to 300, the height varies from 1 to 300. Figure 17b presents one rectangle of this set; its height is 30 and its measure is 0.207. From those profiles, we could make the following observations. The ellipses of which the minor axis is less than or equal to 20 have small circularity measure (less than 0.2). Similarly, the rectangle of which the height is less than or equal to 30 has circularity measure less than 0.2 too. In other words, using our proposed circularity measure, a shape can be seen as a linear shape having a ratio of width to length less than 10% if its circularity measure is relatively small. Thus, a threshold from 0.2 to 0.25 can be considered to detect linear shapes by addressing our iC M circularity measure.
Conclusions
We have presented a new circularity measure that is invariant against similarity transforms such as translation, rotation and scaling. In addition, it is robust with respect to distortion on boundary shape. The proposed measure is shown to be a good feature for shape description. We have also introduced a new evaluation criterion for evaluating and comparing different shape measures by assessing their power of discrimination.
In the future, we are interested in extending this approach for other problems in shape measurement such as rectangularity and ellipticity.
A Material for the Inverse Problem
The following lemmas establish the relation between convex and non-convex shapes as well as the properties of a convex shape satisfying the conditions in Proposition 2.
Lemma 1 If an arbitrary shape D satisfies this condition:
1 2 Λ θ (D) = Δ θ 1 (D) = Δ θ 2 (D) = r , ∀θ ∈ [0, π), its convex hull C V (D) satisfies the above condition too.
Proof First, we will prove that any extremity E θ 1 , E θ 2 is not in a concave part of the boundary of D for any direction θ . Suppose that E θ 1 is in concave part. It means that there exist 2 points A and B on the boundary of D nearby E θ 1 at the left and right sides such that E θ 1 is inside of triangle E θ 2 AB (see Fig. 18 ). So, max(AE θ 2 , B E θ 2 ) > E θ 1 E θ 2 = 2r . This fact is contradictory to the above condition of D. On the other hand, it is evident that D and its convex hull C V (D) have a same projected band in any direction. From the two above facts, we can deduce the conclusion of this lemma. intersect at the midpoint of each segment ∀θ ∈ [0, π 2 ). Proof Let us consider direction θ , we have the following condition: E θ 1 E θ 2 = 2r because of 1 2 Λ θ (D) = r . Therefore, in direction θ + π 2 , the length of D is at least 2r and the minimal value is obtained when E θ 1 and E θ 2 must be on the two supporting lines of D in this direction, respectively. In Fig. 19 , these supporting lines, namely d 1 and d 2 , are perpendicular with E θ 1 E θ 2 at E θ 1 and E θ 2 , respectively. In addition, Δ (D) = 2r . Therefore, in direction θ + π 2 , the projected band of D must be sandwiched between two lines d 1 and d 2 (see Fig. 19 ).
Because of Δ θ 1 (D) = Δ θ 2 (D) = r , ∀θ ∈ [0, π), E θ+ π 2 1 E θ+ π 2 2 must be equidistant from d 1 ) where the intersection O θ is the midpoints of two segments
